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Abstract. We formulated a mirror-free approach to the mirror conjecture, namely, 
quantum hyperplane section conjecture, and proved it in the case of nonnegativc 
complete intersections in homogeneous manifolds. For the proof we followed the 
scheme of Givental's proof of a mirror theorem for toric complete intersections. 



1. Introduction 

Quantum cohomology of a symplectic manifold is a certain deformed ring of the 
ordinary cohomology ring with parameter space given by the second cohomology 
group. It encodes enumerative geometry of rational curves on the manifold. In 
general it is difficult to compute the quantum cohomology structure. On the other 
hand, mirror symmetry predicts an answer to traditional questions of counting the 
virtual numbers of rational curves of a given degree on a three-dimensional Calabi-Yau 
manifold, which amounts to knowing the structure of the quantum cohomology. In the 
large class of Calabi-Yau manifolds, the complete intersections in toric manifolds or 
homogeneous spaces, this mirror symmetry prediction |7], || [l], [| can be interpreted as 
a quantum cohomology counterpart of the weak Lefschetz hyperplane section theorem 
relating cohomology algebras of the ambient manifolds and their hyperplane sections. 
As it is mentioned in , "quantum hyperplane section conjecture" can be formulated 
in intrinsic terms of Gromov-Witten theory on the ambient manifold and does not 
require a reference to its mirror partner. In this paper we formulate and prove the 
conjecture for homogeneous spaces. It would be one of the highly nontrivial functorial 
properties enjoyed by quantum cohomology algebras. One can compute the virtual 
numbers of rational curves on a Calabi-Yau 3-fold complete intersection, provided 
one knows the quantum cohomology algebra of the ambient space. In fact, one needs 
to know the quantum differential equations of the space, which are certain linear 
differential equations arising from the flat connection in the quantum cohomology 
algebra. The mirror symmetry prediction is that the quantum differential equations 
of a Calabi-Yau manifold are equivalent (in a sense) to the Picard-Fuchs differential 
equations of another Calabi-Yau manifold. In contrast, the proposed conjecture is 
that there is a certain relation between quantum differential equations of a manifold 
and those of a certain complete intersection. When the ambient space is a symplectic 
toric manifold, the conjecture is a corollary of the Givental mirror theorem [14j] . 

Let X be a compact homogeneous space of a semi-simple complex Lie group and 
let V be a vector bundle over X. Suppose VL := n*e\V becomes a vector orbi-bundle 
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over Kontsevich moduli space M ^(X, (3) where e% is the evaluation map at the (first) 
marked point from M 0; i(X, (3) to X and 7r is the map from M 0j i(X, (3) to Mo >Q (X, (3) 
associated with "forgetting the marked point" ||16||. Then one might want compute 



Euler(Vg). 



Introduce a formal parameter h. Then it turns out that the classes 

G V 3 ■= (ei)*- 



w _ EulerjVp) 
^ (6l) * h(h-c) 



would be better considered |fL2| , where Vp = vr*(V^) and c (depending on (3) are 
the first Chern classes of the universal cotangent line bundles. The classes are in 
H*(X)[h~ 1 }. They recover the original integrals which we want: 



/ G ^ = W L Euler(V>) + o(h^) 

JX n JM 0>0 (X,I3) 



Consider the classes 



corresponding to X itself (without V). When V is a convex, decomposable, vector 
bundle @Lj of line bundles Lj, the main result of this paper proves some explicit 
relationship between A := {G^\ {3 G H 2 {X, Z)} and B := {H% U \ (3 G H 2 {X, Z)}, 
where 

<ci(Lj),/3> 

H J = Tl II W<i)+rnh) 

j m=0 

which is the key object introduced in this sequel. 

We now formulate the precise result of this paper. Let {pi}i =1 denote the Z + basis 
of the closed integral Kahler (ample) cone of X. Let us introduce formal parameters 
q i: i = 1, k, and the ring Q[[gi, (&]] of formal power series of g^. Denote by q 13 



k 



<w>> 



n 

i=l 

For simplicity, let Gq = 1 and G$ = Euler(V). We want to compare generating 
functions J v and I v from A and B, respectively: 

S V := 

& 

& := ]T/tfJuG* 

& 

We prove that one can be transformed to another by a unique "mirror" transforma- 
tion. To describe the transformation, let 



qi = e**, for i — 1, k, 
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and introduce another formal variable to- Define degree of by 

c 1 (TX)-c 1 {V) = ^2(degq i )p i . 

Let 

J V (t ,...,t k ) := e (*o+EiW*i)/R 5 v 

and 

/ F (t ,...,4) := e ( t »+E i P***)/»$V j 

which are formal power series of t\, t k , e*°, e* fc over if*(X)[ft -1 ]. 

Theorem 1. Assume that deggj > /or a// z. TTien J v and I v coincide up to a 
unique weighted homogeneous change of variables: to i— > to + /o^+/-i awG?£j i— > U+fi, 
where are power series of qi, q k over Q without constant terms, deg /j = 

0, z = 0, k, and deg /_i = 1. 

Remarks: 0. J y will be shown to be the cohomological expression of solutions to 
quantum differential equations associated to (X,V), which is closely related to the 
quantum differential equations of the smooth zero locus of V. The theorem can be 
extended to the case of decomposable concavex vector bundles V. 

1. The change of variables is uniquely determined by coefficients of 1 = and 
4 in the expansions of J v and I v as power series of 4. 

2. In the case of a symplectic toric manifold X the similar statement is a corollary 
of a mirror theorem in ||14|| , where & x is explicitly known. 



3. For the proof of [l] we follow the scheme of Givental's proof [|T2| , [14] of the mirror 



theorem for nonnegative complete intersections in toric manifolds. 

4. The theorem verifies the prediction of virtual numbers in Calabi-Yau 3-fold 
complete intersections in Grassmannians. 

5. A mirror construction is established for complete intersections in partial flag 
manifolds ffl, E|. Because of the known quantum cohomology structure ||, in principle 
there is no essential difficulty in finding Gp for each partial flag manifold X, even 
though a general formula of it is unknown. 

6. The quantum hyperplane section principle is applied to a nonconvex manifold 

in 
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Notation: X will always be a generalized flag manifold G/P, where G is a complex 
semi-simple Lie group and P is a parabolic subgroup. Let T be a maximal torus of G 
in P and let T act on X on the left. Let a complex torus T' act on X trivially and let V 
be a T x T'-equivariant convex vector bundle over X. Consider E a multiplicative class 
and suppose that E{V) G HtxT'(X) is invertible in H(txt>)(X) := HtxT'(X)®Htxt>, 
where H(txT') is the quotient field of HxxT'ipt)- In section 2, we will not consider 
T-action on X. In section 6, additionally we will assume that V is decomposable. The 
convexity of V is by definition that if 1 (P 1 , f*V) = for any morphism / : P 1 — > X. 
Let T x X" equivariant line bundles Ui, i = l,...,k, form ample basis of ordinary 
Picard group. We denote f x ABE(V) by < A,B > / , for A, B e HJ TxT JX) and 
also we use j v A := J AE(V) (equivariant push forwards). The Mori cone of X 
will be denote by A, which can be identified with with respect to coordinates 
Pi := CiiUi). On the additive group Z fc we will give the standard partial ordering, so 



that d := (di,...,dk) > means d\ > 0. Let <f> v denote the equivariant pushforward 
of 1 under the embedding i v of the fixed point v to (X,V,E); this (X,V,E) has 
the Frobenius structure by pairing <,>%, so that A v :=< A, <p v >q = i* v (A) for 
A G Hpp xT ,JX). For a G-manifold M, let M G denote the set of G-fixed points 
of M. We will say simply degree and dimension for complex degree and complex 
dimension, respectively. Let ^ a T a ®r be the equivariant diagonal class of (X, V, E) 
in X x X. That is, < T a ,T b >$= 5 a ,f>- in the paper we will consider various 
rings #TxT'[[^ ,-1 ]][fel] f° rma l power series ring of fir 1 , q over H^ xT ,, Hf TxT ,s[[h~ 1 ]][[q]] 
formal power series ring of ftT 1 , q over H^ TxT ,y and Hf TxT ,^{K)^q\\ formal power series 
ring of q over quotient field of H^ xT ,[h]. 

Structure of the paper: In section 2, we recall a general theory of Gromov-Witten 
invariants and quantum cohomology. We introduce the Givental Correlators S v . In 
section 3, we show that the equivariant correlators satisfy certain "almost recursion 
relations." In section 4, we introduce the double construction and show that the cor- 
relators satisfy certain polynomiality in the double construction. In section 5, we 
introduce certain class V(X, V, E) of series of q = (qi, q^), h~ x over H^ xT ,(X), 
where a 'mirror' group acts freely and transitively. In section 6, we introduce a mod- 
ified correlator of S x . It will also belong to the class V(X, V, E). The modification is 
given by the hypergeometric correcting Euler classes HY according to the decompo- 
sition type of V. In sections 7 and 8, we analyze the torus T action on a generalized 
flag manifold and its one dimensional orbits, the representations of the section spaces 
of equivariant line bundles restricted to the orbits. The analysis would be useful to 
find the explicit expression of $ x . 

Acknowledgments: I am grateful to A. Givental and Y.-P. Lee for helping me to un- 
derstand the paper ||i~2"f ; and V. Batyrev, I. Ciocan- Fontaine, B. Fulton, B. Kreufiler, 
E. Tj0tta, K. Wirthmuller for useful discussions on the papers Jjj , 14] . Also, I would 
like to thank Institut Mittag-Leflier for the financial support during the year-long 
program, "enumerative geometry and its interactions with theoretical physics" in 
1996/1997. My special thank goes to D. van Straten for numerous comments and 
help to improve the clarity of the paper. 



2. Mirror Symmetry 

2.1. The moduli space of stable maps. To fix notation we recall the definition 
of stable maps and some elementary properties of the moduli spaces of stable maps 
to X [|l^, [l(| § . The notion of stable maps is due to M. Kontsevich. We recommend 
the (survey) paper of W. Fulton and R. Pandharipande [|l(J . 

A prestable rational curve C is a connected arithmetic genus projective curve 
with possibly nodes. The curve is not necessary irreducible. A prestable map 
) is a morphism / from C to X with fixed ordered n-many marked 
distinct smooth points X{ G C. We will identify (/, C; {xi}) with (/', C, {x'A-) if there 
is an isomorphism h from C to C preserving the configuration of marked points such 
that f — f oh. A stable map (/, C; {x^) is a prestable map with only finitely many 
automorphisms. 

Let Mo, n (X,(3) be the (coarse moduli) space of all stable maps (/, C; {xi}™ =1 ) 
with the fixed homology type (3 = f*([C)) G H 2 (X,Z). Whenever it is nonempty, 
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the moduli space is a connectedF] compact complex orbifold with complex dimension 
dimX+ < a(TX),P> +n - 3. 



More precisely, locally near a stable map the moduli space has data of a quotient 
of a holomorphic domain by the (finite) group action of all automorphisms of the 
stable map. In the paper [TO] are constructed smooth open complex domains V with 



finite groups T which act on V such that V/T are naturally glued together in the 
moduli space of stable maps. Let X Q P N , (3^0, and (X, i*(/3)) ^ (P 1 , [line]). Here 
[line] denotes the line class of H2(f N ). Given a stable map (/, C) (without marked 
points for simplicity), choose hyperplanes Hj in P^ satisfying that {Hj} gives rise to 
a basis of if°(P , 0(1)), f is transversal to the hyperplanes, and their inverse images 
{xij}i = f~ l (Hj) contain no nodes of C. Then the data (C; determines a point 

in the moduli space of marked stable curves. Conversely, a point in a suitable closed 
subvariety of an open smooth domain of the moduli space of marked stable curves 
naturally determines a stable map / with the extra choices of elements in (C X ) 7V . If 
G is the product of the symmetric group of the elements of the each group {xi j} iy 
then this G has an action sending the data (/, C; {xi.j}) to another by permutations 
of the new marked points. A (C x ) Ar - bundle of the smooth closed subvariety is an 
algebraic local chart of the moduli space of stable maps at / with the induced G 
action. 

Example: Let X = P 2 and / be a stable map without marked points such that / 
is transversal to the hyperplanes x = 0, y = 0, and z = 0. Assume no singular points 
of C are mapped into the hyperplanes, and f*[C] = 2 [line]. Consider their inverse 
images (Cartier divisors), ai, a 2 , &i, 62, c±, c 2 in C. This information (C; a±, c 2 ) as a 
stable curve will determine / uniquely with (C x ) 2 ambiguity. This (C x ) 2 -bundle over 
some open subset of the smooth space M 0j 6 is the local smooth chart. Notice that 
for instance, (C; a 2 , ai, &i, b 2 , c 2 , C\) gives rise to the same / up to isomorphism. Thus 
we have to take account of the quotient by the finite group permuting the elements 
of sets {ai,a 2 }, {61,62} and {ci,c 2 }. 

Claim: The stabilizer subgroup G(p-{ Xi }) of G is exactly the automorphism group 
Aut(f,C) of (f,C). 

Proof: We shall construct a correspondence between G(c-{x lt] }) and Aut(f,C). 
Let g G G(c-,{ Xi ■}) which is given by one of the suitable permutations of x^j. So, 
g(C] {xij}) = (C; {g(xij)}). Since the permutation does not change the stable curve 
(C; {xij}), there is an isomorphism h from (C; {£j,j}) to (C; {g(xjj)}). The isomor- 
phism ft, is unique since there is no nontrivial automorphism in the stable curve of 
genus 0. Of course this h gives rise to an automorphism of (/, C). 

Conversely, if h is an automorphism of (/, C) , then it induces an isomorphism from 
(C; {xij}) to (C; {g(xij)}) for a unique permutation g which we allow. Thus we es- 
tablished 1-1 correspondence, which can be easily seen to be a group homomorphism. 

Remark: The action of Aut(f, C) may not be effective in general. For instance, see 
M ,o(PS2[line]). 

2.2. Gromov-Witten Invariants and QH? T ,JV). There are natural morphisms 
on the moduli spaces, namely, evaluation maps at the i-th marked points and 

1 For a proof of the connectedness see ffq]. 



forgetting-marked-point maps it: 

U 0tn+1 (X,/3) X 



M Q , n (X,/3). 

If Si are the universal sections for the marked points, then ej = e n+ i o s« (here we 
assume that 7r is the forgetful map of the last marked point). In the orbifold charts, 
7r gives the universal family of stable maps as a fine moduli space. 

Consider, for a second homology class (3 7^ and an integer n > 0, the vector orbi- 
bundle Vp = 7r*(e£ +1 (V)). Here n is a flat morphism in the level of orbifold charts. 
Thus indeed, Vp is vector orbi-bundle with the fiber H°(C, f*(V)) at (/, C;{xi}). 
Notice that Vp = n*(Vp) (it has nothing to do with marked points). 

Notation: for A4 G H? T ,JX), 

V := V 
M 0)i (X,0) := X fori = 0,1, 2 

< A U ...,A N >v := _ e* x {Ax) U .... U e* N {A N ) U E{Vp) 

JM , N (X,f3) 

Then one can show that for all j3 

£ J2< A l ,A 2 ,T a > v <T\A^A A > v 

/3i+P2=i3 a 

are totally symmetric in A{. This property will be equivalent to the associativity of 
the quantum cohomology of QH? T ,JV) which we define in the below. 

Let us choose a basis {pi}f =l of H 2 (X) by classes in the closed Kahler cone. 
Notation: 

qf> 

< A 1 ,...,A N > v 

The quantum multiplication o is defined by the following simple requirement; for 
A,B,C eH{ TI) {X) 

< AoB,C >%=< A,B,C> V 

which is a formal power series of parameters g,. Thus our quantum cohomology 
QH? T ,JV) is defined as H? T ,JX) ®q Q[[gi, • •.,<&]] with a product structure. 

2.3. Givental's Correlators. We review the topic after [|, |P2]j . 
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Y <P;,/3> 



n« 

i 

YV < A l ,....,A N >J 



2.3.1. The flat connections and the fundamental solutions. Now let qi = e** with 
the formal parameters t{. We have a one-parameter family of the formal D-module 
structures on QH? T ,JV) by giving a fiat connection V« = H-Jj^ — PiO for any nonzero 

h, i = 1, k. For the fundamental solutions we introduce q G H^,(M 0i n(X, (3)), so- 
called Gravitational descendents. These q are the first Chern classes of the universal 
cotangent line bundles at the i-th marked points. The line bundles are, by definition, 
the dual of the normal bundle of Si(M ^(X, (3)) in Mo t N+i(X, (3). 

Notation: Let fi(x) G f° r indeterminant x,y. Through out the paper, 



<A 1 f 1 (c) } ...,A N f N (c);B>^ := /_ e ;(^ 1 )/ 1 ( Cl )...e^(A JV )/ w (c JV )B 

JM 0<n (X,I3) 

<A 1 f 1 (c),...,A N f N (c);B> v p := < A 1 f l (c), A N f N (c); BE(V ) >* 

<A 1 f 1 (c),...,A N f N (c)-B> x = A 1 f 1 (c),...,A N f N (c);B>^ 

P 

<A l f 1 {c) 1 ... 1 A N f N {c)-B> v := J2l' 3 <A 1 f 1 (c),...,A N f N (c);B>v 

P 

where A, G H* TI) {X), B G Hfo(M 0>N (X, (3)). 

The system of the first order equations ViS = 0, i = l,...,k, has the following 
complete set of (dimif *(X))-many solutions [|P2]j , 



where pt denotes X^LiPA an d ^ is a formal variable (but when ft — 0, set h — 1). 

The following two formulas show that s a are indeed solutions to the quantum 
differential system VjS = 0. 

Using that Cj — 7t*(q) is the fundamental class Aj represented by the section 
Si : Mq >ti (X, 0) — > Mo >n+ i(X, (3) and q U A* = (the image of Sj is isomorphic 
to Mq,3(X, 0) Xx Mo,n(^, /?)), it is easy to derive so-called the fundamental class 



axiom and the divisor axiom [EH, 112]. Let fi(x) be polynomial with coefficients in 



7r*(Hf T ,JM 0tn (X,d))). Let D be a divisor class in HT T ,JX). Then (for n > 0) 
<h(c),...,f n (c),l>v = J2<h(c),..., Mc) ~ m ,...J n (c) >l 



(where we abuse the notation £ /j(7r*(e)) = fi(c)\) and 



< h{c),...J n {c),D > v p = <D,(3>< /i(c),...,/ n (c) >f 



x;</i(c),-,/i-i(c), d^^) , /i+1 ( C ),..., /n ( C )>j. 



Consider 

gPt/a^v : = y < ? 1 >^ T a = e p * /a V < — ^ . > y T a = e p ^(l + o(l/ft)). 

n(n — c) 



which is the main object in this paper. This S will be called the Givental's corre- 
lator for (X,V,E). It is an element in H^JX^fr 1 ]^, q k ])- Notice that S v for 
(X,V, Euler) is homogeneous of degree if we let ^(deggj)pj = Ci(TX) — Ci(V), 
degh= 1, and deg A = b if A e Hf,(X). 



The quantum £>-module of QH^ T ,^{y) is defined by the P-module generated by 
< s, 1 >q for all flat sections s. When there is no V considered, we denote by 
QH*(X) the quantum cohomology. That is, using < ... > x , we define QH*(X). 



Remark: Suppose a differential operator P(h-^-,e tl ,h) with coefficients in H? T n 



uiiiciciiLiai upciaiui 1 yu 

annihilates < s , 1 >q for all flat sections s, then P(pi, ■ ■■jPk, Qi, ■■■Qk, 0) holds in 



2.3.2. Examples. The projective space P n : It is well known that in the quantum 



cohomology ring QH*(P n ) } (pc 



m+l 



g, where p = Ci(C(l)) and q is given with 



respect to the line class dual to p. The corresponding operator is (^-^) n+1 
solutions are explicitly known in [11]. £7 



— e 



The 



is 



dt 



d>0 



((P + ^)(P + 2fr)...(p + c/^)) n+1 



The complete flag manifolds : Let F{n) be the set of all complete flags (C 1 C 
... C C n ) in C n . The usual cohomology ring is Q[xi, x 2 , x n ]/(Ji, J n ) where Xi are 
the Chern classes of (S^/S^i)*, Si are the universal subbundles with fibers C* and Ii 
are the 2-th elementary symmetric polynomials of x\, ...,x n . Let us use as a basis of 
H2(F(n), Z) duals of the first Chern classes of (Si)*, % = 1, n — 1. They are in the 
edges of the closed Kahler cone. 

Let A(xi) be a matrix 



/ x x q\ 
-1 x 2 g 2 



\ 



V 








~ 1 (Zn-l 

o -l x n y 



Then the quantum relations are generated by the coefficients of the characteristic 
polynomial of the matrix A(xi). 

The corresponding differential operators turn out to be obtained by the same 



method using A(xA with arguments instead of Xx, h-^- — h-^—^ instead of x 



d_ 

at, 



and —fo dt a - instead of x n [T^, |15|. These differential operators are the integrals of 
the quantized Toda lattices. The quadratic differential operator of them can be easily 
derived. In fact, given a quantum relation of Fin) between the divisors Xi, there is 
a unique operator satisfying that its symbol becomes the relation and it annihilates 
< s, 1 >o for all flat sections s. In general, the explicit cohomological expression S x 
of solutions to the quantum differential operators are not known. 



2.3.3. The general quintic hyper surf ace in P 4 . Let Y be a smooth degree 5 hypersur- 
face in P 4 . Y is not a homogeneous space. However, using virtual fundamental class 
[M ^ n (Y, (3)} p| fj|, pf], one can define also the quantum cohomology QH*(Y) of Y. It 
is expected that 

< Ai/i(c), ...,A N f N (c) > Y =< Ai/i(c), ...,A N f N (c) >°® . 

Let p be the induced class of the hyperplane divisor in P 4 . The quantum relation is 
(po) 4 = 0. The corresponding operator is, however, not (^^) 4 , but 



(h 



df \5 + f(q) 



where <pop,p >%= 5 + f(q). Notice that in this Calabi — Yau 3-fold case, we lose 
the whole information of quantum cohomology when one concerns only the quantum 
relation, (po) A = 0. The unknown f(q) was conjectured by physicists J7j. The general 
idea of the prediction is the following. Roughly speaking, in theoretical physics, there 
are quantum field theories associated to Calabi- Yau three-folds by A-model and B- 
model. What we have constructed so far are A-model objects for Calabi- Yau three- 
folds. On the other hand using a family of the so-called mirror manifolds which are 
also Calabi- Yau three-folds, conjecturally one may construct the equivalent quantum 
field theory by 5-model. The corresponding mirror partner of a quantum differential 
equation / quantum V module is the Picard-Fuchs differential equation / Gauss- 
Manin connection of the mirror family. It was predicted that they are equivalent 
by a certain transformation. In |7| are obtained the conjectural mirror family of 
quintics, the Picard-Fuchs differential equation and the transformation. That is how 
the prediction is made. The prediction is now proven to be correct by Givental [|T2]]. 



2.4. The idea of the proof of theorem [1]. To describe the idea, let us notice 
that Givental's proof [Q of the mirror conjecture for the nonnegative toric complete 
intersections can be divided into three parts. (He shows in the paper that the mirror 
phenomenon occurs also in non-Calabi-Yau manifolds.) Let X be a Fano toric mani- 
fold with a big torus T, and V be a T x T'-equivariant decomposable convex vector 
bundle over X, where T' acts on X trivially. 

1. In A-part, it is proven that 

(a) the T x T'-equivariant solution vector S v G H? TxT ,JX) [[q, ft -1 ]] has an 
"almost recursion relation," 

(b) it satisfies the polynomiality in the so-called "double construction," and 

(c) it is uniquely determined by the above two properties with the aymptotical 
behavior S v = 1 + o(l). 

2. In i?-part, another (T x T'-equivariant hypergeometric) vector $ y , presumably 
given by the mirror symmetry conjecture, is constructed. It is verified that it 
also satisfies (a) and (b) using a toric (naive) compactification of holomorphic 
maps from P 1 to X. 

3. When Ci(Jf) — ci(V) is nonnegative and E = Euler, there is a suitable equiva- 
lence transformation between $ y and S v . 



In this paper, for aTxT' equivariant decomposable convex vector bundle V over 
any compact homogeneous X of a semi-simple complex Lie group G, we will show 
that S v satisfies property 1 above. In this case, T is a maximal torus of G. 

We define Q v which corresponds $ y of the toric case in property 2: Let $ x = 
S x = Y^d^d1 d - For we wil1 fi nci a modification H' d 6 H^ xT ,(X)[h] (depend on 
V and d) such that if $ y := J2d®d H dQ d i then 

(A) $ y (after the restriction to the fixed points) has the almost recursion relation 
exactly like S v and 

(B) <& v has the polynomial property in the double construction. 
In fact, we design H' d to satisfy (A) and (B). 

Finally, when E = Euler and Ci(TX) — ci(V) is nonnegative, we will prove that 
a certain operation will transform S v to since they satisfy the same almost 
recursion relation and the polynomiality of the double construction. 

3. The almost recursion relations 

As in section || let A be a homogeneous manifold G/P where G is a complex semi- 
simple Lie group and P is a parabolic subgroup. Let T be a maximal torus. The T 
action has only isolated fixed points {v, w, ...}. The one dimensional invariant orbit 
of T is analyzed in detail in section [7| and |[ For a moment we need the fact that the 
closures of orbits are finite ¥ lJ s connecting a fixed point v to another fixed point w. 
For a given equivariant vector bundle W over a T x T'-space M, we use [W] which 
denote the element in the A-group A^ xT ,(M) corresponding to the T x T' vector 
bundle W. 

The torus action on X induces the natural action on the moduli space of stable 
maps by the functorial property. Since the evaluation maps are T x T'-equivariant, 
the pullbacks of T x T'-bundles have natural actions in the orbifold sense. In turn, Vp 
has the induced T x T'-action. All ingredients in section 2 are from now on the equi- 
variant ones. We would like to evaluate S v as a specialization of the equivariant one 
corresponding to S v . We use the same notation S v G ifp rxT ,^(A)[[^ 1 ]][[gi, q^]] 

for the equivariant one. Notice that S v might have power series of hr 1 in each coef- 
ficient of q d , since c are not anymore nilpotent. Using the localization theorem, we 
shall find an "almost recursion relation" on the equivariant Givental correlator. To 
begin with, we summarize the fixed points of the induced action on the moduli space 
of stable maps. If a stable map represents a fixed point in the moduli space, the 
image of the map should lie in the closure of the 1-dimensional orbits. The special 
points are mapped to isolated fixed points. Let us denote by a VyW the character of 
the tangent space of a 1-dimensional orbit connecting an isolated fixed point v to 
another w. Then, —a v>w is the character of the tangent line of the 1-dimensional 
orbit o(v, w) at w. We use (3 ViW to stand for the second homology class represented 
by the ray. Denote by o(v) the set of all fixed points w ^ v which can be connected 
by a one-dimensional orbit with v. 

Lemma 1. Recursion Lemma (||12||) 
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Denote by <p v the equivariant classes i*(l) atv, herei v denotes the TxT'-equivariant 
inclusion of the point v into (X, V). Then S v G iJ^ xT ,(X)[[/i~ 1 ]][[gi, qk}] has an 
"almost" recursion relation, namely, for any v G X T , 

0) S„(q,h) :=< S v ,(f) v >^G H* TxT ,j(h)[[q\] and the substitution S w (q, —a v ^ w /m) 
of h with —a V)W in S w (q,H) is well-defined, 

1) The difference R v of S^(q,H) and the "recursion part" is a power series of q 
over the polynomial ring of 1/h, that is, 

R v := S!(q, h)- £ g "*~ h { - aV i'™ E ^7^ MV } S v (q, ^M, 
f-J h(a VjW + mh) Euler(N V)Wym ) 

w£o(v), m>0 

is in H : £ TxTl j[h~ 1 ][[q]], where V VjW;7n is T x T' representation space H°(F l , f*V), here 
f is the totally ramified m-fold map onto o(v, w) over v and w; and N VjW;7n is the 
T x T' -representation space [H ^ 1 , f*TX)] — [0]; and 

2) furthermore, for S x itself, the first term R v is 1. 

We will say that the statement 1) reveals the almost recursion relation of S v . The 
statement 2) shows that have recursion relations in the ordinary sense. 

Proof. First of all, using the short exact sequence 

_> Rer -> V d -> e\{V) -> 

over M 0j i(X,d), we see that S v is indeed in if^ xT ,[[/l _1 ]][[gi, q k ]]. (The last map 
in the sequence is given by the evaluation of global sections at the marked point.) 

A connected component of the T-fixed loci of the moduli space Xd := M 0y i(X, d) 
is isomorphic to a product of Deline-Mumford spaces with marked points from the 
special points of the inverse image of the generic / in the component for 

all v G X T . Now fix a v and consider S% . It is enough to count the fixed locus 
pd,v w h ere the marked point x should be mapped to the fixed point v since (f) v can be 
supported only near the point. For a stable map (/, C; x) denote by C\ the irreducible 
component of C containing the marked point x. Then F d,v is the disjoint union of 

Ff v :={(/, C;x)eF d * \ f(C 1 )=v} 

and 

pd,v ._ pd,v,w,m 
w£o(v),m=l,...,m(3 Vt uj<d 

where F d,v,w,m is 

{(f,C;x) G F d,v | w G /(d), deg/| Cl = m}. 

is an integral over F d,v, s by a localization theorem for orbifolds. We claim that 
the integral of 

E{V d )e\{<t> v ) 

h(h - c) 

over Fi' v is in iJf TxT ,J/i _1 ]. The reason is that the universal cotangent line bundle 
over Fi' v in the moduli space has the trivial action. It implies that the equivariant 
class c restricted to F 1 ' v is nilpotent. 
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Now we shall obtain the 'almost recursion relation' from the contribution of the 
fixed loci F^. Denote d — m/3v, w by d' . Since C\ is always one end of C for any 
(f,C;x) G F 2 ' v , we can have a natural isomorphism from F d '' w to F d ' v ' w,m , where 
pd ,w are g xec [ ] oc j j n x d i := M i(X,d'), consisting of the stable maps sending the 
marked points to w. We obtain the morphism, joining the m-covering of o(v,w) to 
stable maps in F d,w . By the m-covering of o(v,w), we mean a totally m-ramified 
map from P 1 = C\ to o(v , w) over v and w. Let x' = f^ 1 (w) n C\. 

We claim that the normal bundles as in }{ (F d ' v ' w ' m = F d '' w ) satisfy the equality 

(1) [Nx d /F d >v,™> m \ ~ Wx d , /F d '-A = [Nv,w,m] — [T W X] + [T x iC\ (g) L\ F d',m] 

where L is the universal tangent line bundle over X d i. The reason of the claim is 
as follows: Recall that each fixed component is isomorphic to the product of moduli 
space of stable curves (see section 3 in pi for detail). Hence, we conclude that 



[Nx d /F d - v <™< m ] ~ [Nx d ,/F d '> w ] ~ [L>\F d '> w \ ( over eac h fixed components) is equal to a trivial 
bundle with nontrivial actions. The twister by action can be computed by study of 
action on normal spaces at (/, C\ U C 2 ; x) G F d,v ' w,m . Let N x be the normal space 
of F d ' v ' w ' m at (/, Ci U C 2 ; x) and N 2 be the normal space of F d '> w at (f\c 2 , C 2 ; x' : = 
C\ fl C 2 ). Then as representation spaces 

[JVJ = [N 2 ] + ([H°(C U f\* Cl TX)} - [H (C U TC,)]) - [T W X] 
+ [T X ,C X <g> T X ,C 2 ] + [T*C X ] + [Tsd]. 

Hence we conclude the claim (||) after canceling of [H°(Ci,TCi)] = [0] + [T^/Ci] + 
[T*C X \. 



On the other hand, the direct sum of the fiber of V d at (/, C\ UC 2 ; x) G F d ' v ' w,m and 
V\ w is equal to the direct sum of the fiber of V d i at (/ |c 2 > C 2 ; x') and H°(Ci, (f\ci)*V)- 
Thus, applying the localization theorem we obtain 

E(V d )el((j) v ) _ l+ E(V v ^ m )i* v ((f) v )(-a v , w /m) 



x h(h-c) mh(a V:W /m + h)Euler(N V:Wtm ) 

a w£o(rn),0<rn;rn(i VtW <d 



d — m(3 vw 



{-at v>w /m)(-a v w /m - c) 



where / is the integral over F^' v . The factor m in mh(a VyW /m + h) comes from the 
nature of orbifold localization theorem. (There are m automorphisms of f\c\-) 



Using induction on \d\ = Yl^i, we may assume that the integral factors in the 
second term are well-defined and belong to H^ TxT ,y (Localization theorem itself also 
explains them.) So, statements 0) and 1) in the lemma are proven. 

Now let us prove statement 2). Since < Ci(TX),/3 >> 2 for all /3, by degree 
counting we see that there are no contributions from the integral over F^ . The 
reason is that dim M ^d t +i = (52 di) — 2 is less than 2(J^<ij) — 2 if (di, ..,(4) ^ 
and dim M 0i i(X, d) > 2^dj + dimX — 2. So, in the case of S x , R v = 1. 
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4. The double construction 



Lemma 2. Double Construction Lemma 

The double construction 

W(S V ) := / S V (qe hz ,H)e^ PiZi S V (q,-h) 
Jv 

is a power series of qi, g& and z\, Zk with coefficients in H^ xT ,[H]. 

A priori W(S ) has coefficients in Laurent power series ring of hr 1 over H^ xT ,. 
For the proof we will make use of graph spaces and universal classes defined in the 
below. 

4.1. The main lemma. Let be the projective space of the collection of all 
(/(h /at) suc h that fi(z ,zi) are homogeneous polynomials of degree d. L d is iso- 
morphic to p( (i+1 )( Ar + 1 )^ 1 . Given a stable map of degree (d, 1) from a prestable curve 
C to P^ x P 1 , there is a special irreducible component Co of C such that Co has 
degree (do, 1) under the stable map. This special component Co is parameterized by 
P 1 in the target space. Thus we can identify Co with P 1 and keep track where the 
other components intersect. Suppose the other connected components Ci,...,C of 
C — Co intersect with Co = P 1 at [x\ : yi], [xi : yi\. If the degrees of C are under 
the stable map, we now associate the stable map to 

I 

H(yiZ -x i z 1 ) d ^(fl...,f N ), 

i=l 

where (/q, f^) are the polynomials coming from the data of the restriction of / to 
C . 

Main lemma: (Givental [fT^| ) The above "polynomial" mapping from G ( ^(P iV ) : = 
Mo t o(F N x P 1 , (d, 1)) to Ld is a (C X ) N x C x -equivariant morphism, where ¥ N has the 
diagonal (C X ) N action and P 1 has the C x action by [zq : z x ] i— > [tz : zi] for t G C x . 

Notice that the C x action on Ld is given by 

L/oO*o,Zi) : ••• : i-> [/o(* -1 3b, *i) 

for t e C x . 

4.2. The universal class. The T x T'-equivariant spanned line bundle Ui over X 
gives rise to the T x T'-equivariant morphism /i : X — > W N , and so we obtain: 

G,(X) ► G^) ► 

where G d (X) is the graph space M ,o( x x pl ? ( d A)), and /4 is the T x T' x C x - 
equivariant map from Gd(X) to L^. On 0(1) we choose the lifted C x -action coming 
from the action on the vector space of N + 1 ^-homogeneous polynomials by 

[/o(«b,Zi) : ••• : /at^o^i)] ^ [/o(«o,tei) : ••• : fN(zo,tz 1 )] 
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: ... : f N (t l z ,z l )} 



for t E C x . 

Denote by Pi = ci((/i d )*0(l)), the TxT'x C x -equivariant Chern class. It is said 



to be a universal class in the paper |L4 



Denote by Wd the vector orbi-bundle over Gd(X) with the fiber H°(C,ip*irlV) at 
(C,ip)' Consider 

G dA (X) ► X x P 1 

ei 



G d {X) irtV, 

where Gd.i{X) denotes the graphs space with one marked point and ~K\ is the projec- 
tion of X x P 1 to the first factor X. Then W d := 7r*e*7TiV '. 

4.3. Proof of Lemma [2]. It is enough to show the equality 

V? d I e Pz E(W d )= [ S v (q,h)e pz S v (qe- hz ,-h). 

d JG d (X) Jv 

The left integral is a T x T' x C x -equivariant push forward with ft as ci((9(l)) over 
P°° and the right one is a T x T'-equivariant push forward with a formal variable h. 

We will apply localization theorem. Let us analyze the C x -action fixed loci Gd(X) cx 
oiGd(X). G d (Xf x is isomorphic to £ d <i )+d < 2)=d M 0il (X, d«) x x M 0A (X,d^). ' 

Suppose \dP^\ + Id^l 0. The normal bundle is as follows: 

When Ic^^Hg^ 2 **! = 0: The codimension is 2 (one from the nodal condition and the 
other from the condition of the image of the nodal point). Then the Euler class of 
the normal bundle is h(h — c ), or — h(— h — c^), where c and are the Chern 
classes of universal cotangent line bundles of the first marked point over Mo,i(X, S 1 ^) 
and Mo,i(X, d^), respectively. Here we assume the following convention: = [0 : 
1], oo = [1 : 0], the associated equivariant line bundle to the character 1 of the group 
C x has h as its equivariant Chern class. 

When \d^'\ \d^\ ^ 0: The codimension is 4 and the Euler class is h(h—Co)(—h)(—h— 
Coo). Here, for instance, c G H 2 (M 0l i(X, d (1) ) x x M 0t i(X, d^)) is the pull-back of the 
Chern class of the universal cotangent line bundle of the first factor of M 0j i(X, d^)x x 
M ,i(X,dW). 

Let us analyze Pj restricted to Gd(X) cx . Consider the commutative diagram, 
G dW>d w(X) :=M 0A (X,dW) x x M ,i(X,rf( 2 )) > L di 3 zfzf[x : ... : x N \ 

M ,i(X, d^) — -> F N 3 [x : ... : x N ], 

Mo oe i 

where the first vertical map tt 2 is the projection and under the second vertical map 
P^ is embedded into as the C x -action fixed locus of the part {zf 1] zf 2) [xq : ... : 
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x N }\[x : ... : x N ] G F N }. One concludes that e* o (/4)*(ci((9(l)| P iv)) = ejfo) - df ] h 
and so 

E^kd),^) = E^ife) - 4 2) ^)^i- 

Since 

h)e pz S v (qe- hz , -ft) 

<r Ta >^ T a n dW pP z <r Tb -> v T,a d(2) p- d(2)hz 



we see that 



/ H)e pz S v (qe- hz ,-h) 
Jv 

" 2^ < h(h^cj >dW< -h(-h-c) >d(2)<1 



a,ci(i),d(2) 



E 



T ^ d(1) d(2) (X) [^G d (X)/G d(1) d(2) (X)] 

after applying the localization theorem only for C x action on Cr^pT). 

5. The class V(C) and mirror transformations 

5.1. The class V(C). Let C be the collection of given data of C V)Wjin G H* TxT ,y 
a V:W G H^ xT ,, and G A — 0, for all (v , w, m) G X T x X T x N with v G o(u>). Here 
N is the set of positive integers. Assume that {pi) w — (pi) v = — < Pi, Pv,w > for 
alH = 1, k. Define degree of H as 1. Let q±, q^ be formal parameters with some 
given nonnegative degrees. Define the degree of a homogeneous class of H^ xT ,(X) as 
6/2. Let V(C) be the class of all Z(q, h) G H^ xT ,{X)[[h^ 1 , q\\ of homogeneous degree 
such that 

a) : Z(0, h) = 1, Z v (q, h) :=< Z, <j) v >q (this is not depend on V) is in H* TxT ,^(h)[[q]] 
for any fixed point v, and Z w (q, —a VyW /m) are well-defined for all v G o(w),m > 
(m are positive integers), 

b) : the almost recursion relation for each fixed point v holds, that is by definition, 

R v := Z v (q, ft) — J2 ^ n(f V Tmm Z ^ 

m>0,weo(v) + ^ 

is in iJ ( * TxT , ) [/i~ 1 ][[g]], where 

i 

; and 
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c): in the double construction 

W{Z){q,z) := / Z(qe h %h)e^Z(q,-h), 
Jv 



is in H^ xT ,[h][[q, z]]. (We use the multi-index notation for z = (zi,...,Zk) and 
q = (gi,...,g fe ).) 

Whenever the data C comes from (X, V, E) as in lemma |l], we denote the class by 
V(X, V, E). So, in the case 

n . _ n v . _ V a v,w 

)/m E{V V 

W := v > w ' m := Euler(N m ) ' 

a v>w is the character of T v o(v,w), j3 V)W = [o(v,w)] G H 2 (X,Z), and 

Cl (TX)- Cl (V)= ^ (deg ft )p<- 
i=l,...,fc 

So far, we proved that S" y for = Euler is in class V, Euler). 

In the below we introduce on P(C) a transformation group generated by the fol- 
lowing three types of operations. 

1) Multiplication by /(g): Let f(q) = Y,d>ofdQ d i where f d G Q, /(g) is homo- 
geneous of degree 0, and /(0) = 1. Then f(q)Z G V(C). 

2) Multiplication by exp(/(g)/ft): Let /(g) = J2d>o f^q d , where f d are in H^ xT ,. 
Suppose deg(/(g)) = 1. Then Z new := exp(f{q)/h)Z is still in V{C). 

3) Coordinate changes: Consider a transformation: 

Z -> Z"" := exp(]T fi(q)Pi/h)Z{qexp{f(q)), H) 

i 

where / 4 (g) = J2 d>0 f { q d of homogeneous degree 0,^ (d) GQ,andgexp(/(g)) = 
(g 1 exp(/ 1 (g)),...,g fc exp(/ fc (g))). Then Z new is still in V{C). 

Let us call the transformation group the mirror group. 

Theorem 2. ^||14j|) Suppose degg are nonnegative and there is at least one element 
of form 1 + o{fr 1 ) in the class V(C). Then the mirror group action on V(C) is free 
and transitive. 

First, we will check 1), 2) and 3); and prove the so-called uniqueness lemma and 
then theorem above. 

Proof of 1). First, Z new := fZ is homogeneous of degree 0, /(0)Z(0, K) = 1, and 
fZ v are in H? TxT ,Jh)[[q]], and of course Z™ ew (q, —a V)W /m) are well-defined. Second, 

Thus fZ has the almost recursion relation. 
Finally, 

W new := [ Z new (qe h \h)e pz Z new (q,-K) 
Jv 

= f(qe hz )f(q)W, 
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which still has the polynomial coefficients in H^ xT ,[h]. 

Proof of 2). The new Z new is homogeneous of degree 0, Z new (0, K) — 1, Z™ ew are in 
H? TxT ,Jh)[[q]\i and Z™ ew (q, —a VjW /m) are well-defined. Since exp(^- + m J^ ) = 1 + 
(c^,«j + m h)g avw ^ m and g aV}W ,m is a (/-series with polynomial coefficients in H^ TxT ,^ [hT 1 ] , 
Z new has the almost recursion relation. 

Once again, 

W new = exp(±(f(qe hz )-f(q)))W. 

But f(qe hz )—f(q) = J2d>o fd((e hz ) d —l)q d is a (z, g)-series with polynomial coefficients 
in hH^ xT ,[h]. 

Proof of 3). The Z new is homogeneous of degree 0, Z new (0,h) = 1, Z™ ew are in 
H? TxT ,Jti)[[q\], and Z™ ew (q, —a VyW /m) make sense. 
Since (p^ - (pi) v = - < p u (3 VtW > a v>w , 

fM)(Pi)v/ft = Yl fi(9)(Pi)w/ (-a v ,w/m) 

i i 

-mY< Pi,Pv,w > fi(q) + Y ^ 9 ^ P fi V ( m h + <* VtW ). 

% I 

The exponential of the last term on the right can be denoted by 1 + {<y VtW +mh)g av wttn 
where g av , w ,m is a <?-series with coefficients which are in H^ TxTl ^[h~ 1 }. Z new satisfies 
the almost recursion relation. 

Consider the double construction 

W new {q,z) = J e /(9ehz)p/?l Z(ge fe e /(9e ' IZ) ,/i)e p2 e- /(9)p/?i Z(ge /(9) ,-^) 

f V 

But since f(qe hz ) — f(q) is divisible by h, W new is a polynomial (g, z)-series. 



Lemma 3. Uniqueness Lemma 

Let Z = J2d>o Zdq d and Z' = J2d>o ^'sf ^ e series in V(C). Suppose Z = Z' modulo 
(\) 2 . ThenZ'~=Z. 

Proof. We may suppose that Z' d = Z& for all < d < do for some do>l. Let 
D{h):=Z' dQ -Z d0 = Ah- 2r - 1 + Bh- 2r + .... 

= h- 2r (A/h + B + o{h)), 

where A, B E H^ xT ,(X). (A might be 0.) This is possible since < D,(f) v > for 
all v are polynomials of 1/h over H* Txt ,^ and so D is a polynomial of 1/h over 

H^, xT ,(X). Consider the coefficient of q d ° in W(Z') — W(Z), which can be set 

5(D) = f v e( p+doh >D(h) + e pz D(-h). If r = 0, then D = since D = modulo 

(1/h) 2 . Assume r > 1. We shall show that A = = B, which implies by induction 
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that D = 0. Notice that, since 5(D) is a polynomial of H, 

0(h 2 ) = h 2r 5(D) = [ e( p+doh)z (A/h + B + 0(h)) + e pz (-A/h + B + 0(h)) 

e pz Ad z + 2Be pz + 0(h). 

Jv 
So, 

= d z [ e pz A + 2 [ Be pz 
Jv Jv 

= T (d ze p * z A v + 2e p " z B v )^—, 

where A v , B v , and Euler(V) v are the restrictions of A, B, and Euler(V) to the fixed 
point v, respectively. Since p v z are different as v are different (this can be seen in 
section ^ and ||), e PvZ and ze PvZ are independent over Hf TxT ,y So we conclude that 
A v = = B v for all v, and hence A = = B. 

5.2. Proof of theorem It suffices to show the transitivity of the action. Let Z\ 
and Z 2 be in class V(C) and let Z\ = 1 + o(l/h). 
Since deg q > 0, we may let 

Z 2 = zf + Z«i + o(I), 

where Z^ " 1 G H^ xT ,(X)[[q}} is of homogeneous of degree and is homogeneous 

of degree 1. Furthermore, zf\q) G H^ xT ,(X)[[q\] is a g-series with coefficients in Q, 

%2 (0) = 1) an d ^2 (?) i s a ^-series with coefficients in H^ xT ,[p] by degree counting. 
We may let 

Sn = EtoM ■»>+»<«). 

where are pure g-series over Q of degree and g(q) are degree 1 in SfxT'tfe]]- 
In addition, fi(0) = = g(0). 

Now, consider operations on Z\. first, coordinate changes, 

Z[=ex P (f(q)p/h)Z 1 (qex P (f(q)),h) = 1 + f(q)p/h + o(l/h), 

second, multiplication by exp(g(q)/h), 

Z'{ = exp(g(q)/h)Z[ = 1 + l -(f(q)p + g(q)) + o(l/H), 
finally, multiplication by Z^\q), 

z'( ! = zf\q)z'; = zi: ) + l -z^ + o(i/h). 

According to the uniqueness lemma, the last one Z"' must be equal to Z2 since 
Z'C = Z 2 modulo (1/h) 2 . 
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5.3. Transformation from J v to I v . We explain the transformation introduced 
in the introduction. Let Z be the nonequivariant specialization of Z. Let Z\ and Z 2 
be in class V(C) and let Z\ = \ + o(l/h). Now let us specialize the equivariant setting 
to nonequivariant one. Let J v = e {ta+pt)/n Zi(q) and I v = e {to+pt)/n Z 2 {q). Then, they 
are equivalent up to the unique coordinate change t t + fo(q)h~ + f-i(q) and 
t i-> U + fi(q), i = l,...,k, where fj e Q[[q}} for all j, f and (i = l,...,k) have 
degree 0, /_i has degree 1; and /j(0) = for all j. 

6. The modified B series 

Let X be a homogeneous manifold with the torus T x T' action. From now on let 
V = Li © ... @Li be an equivariant decomposable convex vector bundle over X, where 
Li are line bundles. 

6.1. The correcting Euler classes. Let x = (x±, ...,x{) be indeterminant. 
Define a polynomial of x over Z[h] for (3 G A: 

1 <a(Li),p> 
Hp(x,h):=Y[ II ( x i + mh )- 

i=l m=0 

Set 

We treat each linear factor (xi + mh) of ifg as a Chern character. Define 
<S> v (q, ft) ^))( c iW' *)> 

where ci(L) = (ci(Li), c x {L k )). 

Claim I. (pi) w = (j)i) v - < Pi,/3 V;W > a V;W , 

2. ci(L) w = ci(L) v - < ci(L),p VjW > a V:W 

3. E{V v , w , m ) = E(H m ^ w )( Cl (L) v , -^). 

Proof: Let U be any equivariant convex line bundle. On the ray o(v, w) (= P 1 ), we 
have a homogeneous coordinate [z : z±\ such that the induced action on the ray is 
linear (because of the equivariant embedding theorem). We have also global sections 
Zq,Zq _1 Zi, ...,z™ of the restriction U\pi of U to the ray, where [1 : 0] = w, [0 : 1] = v 
and n =< Ci(U),/3 VjW >. We know that zfi, z™, Zq/z\ have the characters Ci(U) w , 
Ci(U) v and —a VjW , respectively. This concludes the proof. 

The first one in the claim shows that we have the well-defined classes V(X, V, E). 
(Otherwise, the mirror group transformation may not preserve the class V(X, V, E).) 

Theorem 3. Suppose ci(TX) — ci(V) is in ample cone. Then <3> y is in the class 
V(X,V, Euler). 

Notice that for f3' < (3 

(2) H p (x-< Cl (L),P'>h,h) = Hp,(x,-h)H' p _ p ,(x,H) 

(3) H'p(x,H) = H' p ,(x,h)H'p_p,(x+ < Cl (L),P' >h,h), 
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which will show the polynomiality of double construction and the almost recursion 
relation for $ y , respectively. 

6.2. The proof of theorem. The homogeneous of <f> v is clear when E = Euler and 
the rest properties will be proven for general E. 
First of all, it is easy check to see 

For the polynomiality, consider 

(4) ! <& v (q,h)e pz <& v {qe- h \-h) 

Jv 

L> q E(V)h(h-c) dW 



,,/- . T a e^- ^E(H dm )( C l (L),-h) , v 
-h(-H-c) 



<? < £/— £ — >dW, 



where < T a , T b >jf = <5 a ,6- Let us use the notation and facts in O. Since 

£(# dC D ) (ci (L) , ft)£(tf d(2) ) ( Cl (L) , -ft) 
= E(H d (x- < Cl (L), d {2) > ft, ft))(ci(L), ft)£(V) 

from (fj), the universal class £/(ci(L)) corresponding to Ci(L) restricted to G^^X) 
is 

ci(L)- < ci(L),rf {2) > ^ 
and ei o 7Ti = e\ o 7r 2 , (Q) is equal to 

v- d f e^- d(2)h >E(H d )(U( Cl (L)),h) 

d JG d(1)A{2) {X) l N G d (X)/G dWd{2) (X)} 

= JV/ e p *E(H d )(U( Cl (L)),h), 

which shows the polynomiality. 

Now let us check the almost recursion relation. Let 

S*(g, ft) :=< S x , <f> x >*= £ S* (ft)g< 

d 

Since (if d ^ 0) 

riX 

Q x (h\ — \ ^v,w,rn Q x ( a v,w ^ 

v,d\ n 'J — ?j f-t , _ fc \ °w,d-mB v w \ _ J 

u>So(ti),0<m;m/3„ iUJ <(i ' 



and 



E(Hi)ML) V7 -^L) = ^^E(H' M J( Cl (L) 
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from (Q) and the Claim, we obtain that 

1 - V T ( 



, ^E(V) v h(a v>w +mh) 

wEo{v),0<m;mp VlW <d 

where -R„,d is indeed a polynomial of 1/h over H? TxT ,y 
However, since 



a 



ft) has the same almost recursion coefficients C^ w m with S v . 

6.3. Proof of main theorem |]. Recursion lemma [I] and double construction lemma 
H show that 5* y is in class V(X, V, Euler). Certainly S v is form of 1 + o{fr 1 ). Ac- 
cording to theorem [| <& v also belongs to V(X, V, Euler). Then theorem Q concludes 
the proof. (We use the condition that E = Euler, in order to make sure that S v and 
$ y are homogeneous of degree 0.) 



7. Grassmannians 

7.1. Notation. Let ex, e n form the standard basis of C n , T = (C x ) n the complex 
torus, and X := Gr(k,n) the Grassmannian, the set of all /c-subspaces in C n . As 
usual, let T act on Gr(k,n) by the diagonal action. The fixed points v = (ii, ...,ik) 
are then the fc-planes generated by vectors e^, 6j fc . Denote by C n x X the trivial 
vector bundle with the standard action. Then we may consider L, the determinant 
of the bundle dual to the T-equivariant universal /c-subbundle of C n x X. Define 
V = L®\ I > 0. Denote by p the equivariant class C\(L). We may identify H*(BT) 
with Q[si, ...,£„] by the correspondence that £j is also denoted the equivariant Chern 
class of the line bundle over a point equipped with T action as the representation of the 
character With respect to the Chern class of L, we shall write d 6 Z = -£^(A, Z). 



7.2. A series. 



7.2.1. Fixed points. Let t> be, say, (1,2, Then around the point, a local chart 

can be described by 



/ 



1 







1 



X1.2 






1 



\ 



For each complex value (xij) the column vectors in the matrix span a fc-plane which 
stands for a point in Gr(k,n). Then in the chart the action by (ti,...,t n ) G T is 
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described as follows: 

(Xl,l %1,2 
%n—k,l %n—k,2 

In each isolated fixed point of the Grassmannian there is dimGr(k, n)-many 1- 
dimensional orbit (ray) passing through the point. For instance, if v — (1, 2, k), 
then there is only one ray (v,w) from v to w = j) for any i < k < j. These 

rays have degree 1 e H 2 (X, Z) . 




7.2.2. The Euler classes. Notice that the tangent space at v — (1, 2, k) of the ray 
connecting v to w = j) has the character a(v, w) = Sj — where j > k > i. 

Similarly one can find out the characters for the other cases. 

Let / : P 1 — > Gr(k,n) be a m-fold morphism totally ramifying the ray over v and 
u>. The T representation space H°(f*L® 1 ) has the orbi-characters 

— = lp v -b, for a + b = Im, a > 0, b > 0, 

m m 

where = — (ei + ... + e k ) and p w = —{si + ... + £» + .... + £fc + £j) are p = ci(L) 
restricted to the fixed points v and w, respectively. 



8. The flag manifolds 

We analyze fixed points of the maximal torus actions and the invariant curves 
connecting two fixed points. This explicit description would be useful also to find S x 
explicitly. 

8.1. The complete flag manifolds. Let X be the set of all Borel subgroups of a 
simply connected semi-simple Lie group G. It is a homogeneous space with the tr- 
action by conjugation. Then the maximal torus T-action ( — fix one — ) has isolated 
fixed points. They are exactly Borel subgroups containing T. The fixed points are 
naturally one-to-one corresponding to the set of Weyl chambers. Each Borel subgroup 
containing T gives rise to a negative roots ( — our convention — ) of B and so a chamber 
associated to the positive roots. Let C be the set of chambers. The tangent line 
subspace associated to the positive root a has the character a. 

There is, if one fix a fixed point v, a natural correspondence between the H 2 (X, Z) 
and the characters of T. Then the Kahler cone is exactly the positive Weyl chamber 
v. Notice that the fundamental roots span the Kahler cone. Consider co-roots a v . 
They span the Mori cone. We can identify the Mori cone A with the non-negative 
integer span of co-roots. 

8.2. The generalized flag manifolds. Let X be the set of all parabolic subgroups 
with a given conjugate type. Let T be a maximal torus of G. Then the fixed loci are 
isolated fixed points consisting of parabolic subgroups containing T. 
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8.2.1. Rays. Let us choose a fixed point P D T. Then the rays at the fixed points 
are described by the following way. (The rays are by definition the 1-dimensional 
orbits of T passing through P.) Fix B a Borel subgroup in P containing T. First 
consider the T-equivariant fibration, G/B — > G/P and the rational map to G/B 
by exp(zX a ) G G, z G C, where X a is an eigenvector of the positive root a. Since 
exp H exp(zX a ) exp — H = exp(zexp a,dH(X a )) = exp(z exp(a(H))X a ) for H G LieT, 
we conclude that it is a T - invariant stable map. By the composition of the fibration, 
we obtain all the rays. They are effectively labeled by the positive roots which are not 
roots of P. So there are exactly dimX-many rays at each fixed point. The tangent 
line at the ray has the character a. 

8.2.2. The Kdhler cone. Here we need the Levi-decomposition of P and then consider 
simple roots {«j}j e p(A) which are not roots of the semi-simple part of P. Then the 
fundamental roots with respect to P is, by definition, {\i}i^p(A), where Aj are dual 

to «y. 

Choose a fixed point P. We may identify H 2 (X, Z) with the set of integral weights 
according to Borel- Weil theorem. Then the Kahler cone is the set of all dominant 
integral weights with respect to P. 

8.2.3. Homogeneous line bundles. One can produces all very ample line bundles by 
homogeneous line bundles associated to irreducible representations of P with highest 
weights A. The weights corresponding to the very ample line bundles are exactly 
the positive integral combination of the fundamental weights with respect to P. We 
shall denote by 0(A) the homogeneous line bundle associated to the (1-dimensional) 
highest weight A = X^ieP(A) a *^« representation of P. It is a very ample bundle if and 
only if aj > for all i. 

This also shows that the ray P 1 associated to a has the homology class "a v ," in 
the sense that < P 1 ,ci((9(A) >= (a v ,A). We shall use a v to denote the homology 
class. 

8.2.4. J2(pi) v Zi (ire different for different v. Consider a line bundle L associated to 
A = XlieP(A) a i^i- (Here in advance, we have to fix P D T.) Let S a denote the 
Weyl group element of the reflection associated to the root a. Then the line bundle 
is L = 0(S a (X)) if one look at it with respect to another "origin " P' = exp(|(X a — 
r a ))Pexp(-f(X Q -y Q )) where [X a ,Y a ] = H a , [H a ,X a ] = 2X a and [H a ,Y a ] = -2Y a . 
This P' is the other T-fixed point lies in the ray associated to a which passes through 
P. (Because of the SL(2, C)-equivariant map from P 1 to the ray, it is enough to check 
it when G = SL(2, C), which is obvious.) 

8.2.5. 14,tu,m an d ^v,w,m- Let V = O(X). Let ip : P 1 — > X be a stable map totally 
ramifying one of rays, passing through P D T. Suppose the ray is associated to 
a positive root a with respect to P and / is a m-multiple branched cover repre- 
senting an isolated T-fixed point of M 0t0 (X, ma v ). Then the T-representation space 
H (F 1 ,f*(O(X)) has the characters, 

A — a — , a = 0, m{X, a v ). 
m 
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To see it, use the coordinate z G C around the fixed point and exp H exp(zE Q ) exp — H - 
exp(zexp a l dH(E a )) = exp(z exp(a(H))E a ). Similarly, N V)W ^ m has characters 

5 — a — for a + 5 > 0, a = 0, m(5, a v ), 
m 
a 

a — a — for a = 0, m, 2m, 
m 

where 5 > means S is a positive root with respect to P. 
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